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A GENERALIZATION TO NUMBER FIELDS
OF EULER’S THEOREM ON THE SERIES OF RECIPROCALS OF PRIMES
SALVATORE TRINGALI
Abstract. Let X be a set of positive integers, and let ZK be the ring of integers of a number field K
of degree n. Denote by N(I) the absolute norm of an ideal I of ZK , and by A the set of principal ideals
aZK such that a is an atom of ZK and a divides m for some m ∈ X.
Building upon the ideas of Clarkson from [Proc. Amer. Math. Soc. 17 (1966), 541], we show that, if
the series
∑
m∈X 1/m diverges, then so does the series
∑
a∈A
|N(a)|−1/n. Most notably, this generalizes
a classical theorem of Euler on the series of reciprocals of positive rational primes.
1. Introduction
Let P be the set of positive rational primes. It is a classical result of Euler, hereinafter simply referred
to as Euler’s theorem, that the series
∑
p∈P 1/p diverges, a short proof of which was given by Clarkson
[1]. (Notation and terminology, if not explained when first used, are standard or should be clear from
the context.)
The goal of the present paper is primarily to generalize Euler’s theorem to the ring of integers of a
number field, by an elementary approach that is essentially inspired to Clarkson’s proof.
2. Main result
Let ZK be the ring of integers of a number field K, and let I be the set of all non-zero ideals of ZK .
For an ideal i ∈ I we denote by N(i) the absolute norm of i, that is, the cardinality of the quotient ring
ZK/i. It is a basic result in number theory that ZK is a Dedekind domain with the (FN)-property, i.e.,
such that N(i) <∞ for every i ∈ I, see e.g. [4, p. 43 and Corollary to Theorem 1.20, p. 16]. This implies
that, for each κ ∈ R+, there are only finitely many ideals i ∈ I with N(i) ≤ κ, see e.g. [4, Theorem
1.6(ii)]. Consequently, it makes sense, for every J ⊆ I, to introduce the function
ζK,J : R→ R ∪ {∞} : s 7→
∑
i∈J
1
N(i)s
and investigate its properties, as similarly done in the study of Dedekind zeta functions (the case J = I).
Here as usual, we adopt the convention that∑
i∈J
:= lim
κ→∞
∑
i∈J :N(i)≤κ
.
In particular, let a unit of ZK be an element u ∈ ZK such that uv = 1K for some v ∈ ZK , and an atom
(or irreducible element) of ZK be a non-unit element a ∈ ZK such that a 6= xy for all non-unit elements
x, y ∈ ZK . We call two elements x, y ∈ ZK associated if x = uy for some unit u ∈ ZK , and we write
y |ZK x to mean that y ∈ ZK and x ∈ yZK .
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With these preliminaries in place, we have the following theorem (the main contribution of the paper).
Theorem 1. LetK be a number field of degree n, let X be a set of positive integers such that
∑
m∈X 1/m =
∞, and let A be the set of principal ideals aZK of ZK for which a is an atom and a |ZK m for some
m ∈ X. Then ζK,A(1/n) =∞, and hence A is infinite.
Proof. To begin, we recall that, if i is a non-zero principal of ZK and α is a generator of i, then
N(i) = |NK/Q(α)| = fα(0)
n/ deg fα , (1)
where NK/Q is the norm of α relative to the field extension K/Q and fα is the minimal polynomial of α
over K, see e.g. [4, p. 48 and Corollary to Proposition 2.13, p. 58].
This said, assume for a contradiction that ζK,A(1/n) <∞. Then there exists κ0 ∈ R
+ such that
∑
a∈A :N(a)≥κ0
1
N(a)1/n
:= lim
κ→∞
∑
a∈A :κ0≤N(a)≤κ
1
N(a)1/n
< 1.
By the (FN)-property of ZK , we have that the set
B := {a ∈ A : N(a) < κ0}
is finite. Moreover, it is seen from (1) and [4, Proposition 3.10] that the absolute norm of an ideal in A
is greater than or equal to 2. So putting everything together, we find that

∏
b∈B
∞∑
j=0
1
N(b)j/n

 ·
∞∑
i=0

 ∑
a∈A\B
1
N(a)1/n


i
<∞. (2)
We will however prove that the expansion of the left-hand side of the latter inequality contains the term
1/m for every m ∈ X≥2, contradicting that
∑
m∈X 1/m =∞. For, fix m ∈ X≥2. Then (1) implies that
N(mZK)
1/n = |NK/Q(m)|
1/n = m, (3)
which, in view of [4, Proposition 3.10], shows that m is not a unit of ZK . But ZK , being a Dedekind
domain, is Noetherian, see e.g. [4, Theorem 1.5]; and Noetherian domains are atomic, that is, every non-
zero non-unit element in ZK is a finite non-empty product of atoms (although such a factorization need
not be unique), see e.g. [2, Example 1.1.5.2]. As a consequence there exist a unit u ∈ ZK , pairwise non-
associated atoms a1, . . . , aℓ ∈ ZK (ℓ ∈ N
+), and exponents e1, . . . , eℓ ∈ N
+ such that m = ae11 · · · a
eℓ
ℓ u.
Because N is a totally multiplicative function, see e.g. [4, Theorem 1.16(i)], it thus follows from (3) that
m = N(a1ZK)
e1/n · · ·N(aℓZK)
eℓ/nN(uZK) = N(a1ZK)
e1/n · · ·N(aℓZK)
eℓ/n. (4)
In fact, we can assume without loss of generality that there is a non-negative integer k not greater than
ℓ such that aiZK ∈ A \ B for 1 ≤ i ≤ k and aiZK ∈ B for k < i ≤ ℓ (note that the atoms a1, . . . , aℓ are
all in A). Then it is clear from (4) that 1/m occurs as a term in the expansion of

 ∏
k<j≤ℓ
1
N(ajZK)ej/n

 ·

 ∑
a∈A\B
1
N(a)1/n


max1≤i≤k ei
,
which is in turn one of the summands contributing to the left-hand side of inequality (2).
This is enough to complete the proof, because it is obvious that, if A were a finite set, then the series∑
a∈A |N(a)|
s would be convergent for every s ∈ R. 
Finally we prove Euler’s theorem and two of a number of corollaries naturally stemming from Theorem
1 (we continue to use P for the set of positive rational primes, as in § 1).
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Corollary 2. Let K be a number field of degree n, and let A be the set of principal ideals of ZK generated
by an atom. Then ζK,A(1/n) =∞, and ZK has infinitely many pairwise non-associated atoms.
Proof. Straightforward from Theorem 1 and the fact that the harmonic series is divergent. 
Theorem 3 (Euler’s theorem). The series
∑
p∈P 1/p diverges.
Proof. The ring Z of “ordinary” integers is the ring of integers of the rational field Q, and it is well known
that, since Z is a PID, the atoms of Z are precisely the primes in P and their opposites, see e.g. [5, p. 31
and Lemma 3.34]. Hence, the set A of principal ideals of Z generated by an atom is the set {pZ : p ∈ P},
and we conclude at once from Corollary 2 that
∑
p∈P 1/p = ∞, because Q is a number field of degree 1
and N(mZ) = m for every positive integer m. 
Corollary 4. Let K be a number field of degree n, and let A be the set of principal ideals aZK of ZK
such that a is an atom and a |ZK p for some p ∈ P. Then ζK,A(1/n) =∞.
Proof. Straightforward from Theorems 1 and 3. 
3. Closing remarks
1. Euler’s theorem is commonly generalized to the ring of integers of a number field K in a different
way that done in this paper. One starts by considering the set P of prime ideals of ZK and then proves
that ζK,P(1) =∞. This follows from the analogue of Euler’s product formula for the Dedekind function
ζK of K, combined with the fact that ζK has a pole at 1, see e.g. [4, Proposition 7.2 and Theorem 7.3].
If K is the rational field, then P = {pZ : p ∈ P} and N(pZ) = p for every p ∈ P. So, similarly as in the
proof of Corollary ??, one recovers Euler’s theorem.
2. That ZK has infinitely many pairwise non-associated atoms (Corollary 2) can be proved by a more
standard approach. For, let R be an atomic integral domain containing infinitely many pairwise coprime
non-unit elements (two elements a, b ∈ R are coprime if aR + bR = R), and note that these conditions
are satisfied by ZK (see the proof of Theorem 1 and recall that, by Be´zout’s identity, aZ + bZ = Z for
all a, b ∈ Z whose greatest common divisor is 1). Every non-unit element in R is contained in a maximal
ideal of R, and each maximal ideal of R is prime, see e.g. [5, Corollary 3.10 and Remark 3.25(i)]. But
coprime elements a, b ∈ R cannot belong to the same maximal ideal m, or else R = aR + bR ⊆ m ( R.
Hence, R has countably infinitely many ideals p1, p2, . . . that are both prime and maximal. It follows by
the prime avoidance theorem, see e.g. [5, Theorem 3.61 and Remark 3.62(i)], that for each i ∈ N+ there
exists a non-unit element xi ∈ pi that is not in pj for every j ∈ N
+ with i 6= j. So, using that R is atomic
(by hypothesis) and a product of finitely many elements of R is contained in a prime ideal of R only if
at least one of such elements is in R (essentially by definition), let ai be an atom of R in pi such that
xi ∈ aiR (i ∈ N
+), and observe that ai /∈ pj for all j ∈ N
+ with i 6= j (otherwise xi ∈ aiR ⊆ pj). This
implies that a1, a2, . . . is a sequence of pairwise non-associated atoms of R, and we are done.
3. Let A be as in Corollary 2, and for each n ∈ N define an := |{a ∈ A : N(a) = n}|. It is clear that
ζK,A(s) =
∑
a∈A
1
N(a)s
=
∑
n≥1
an
ns
, (s ∈ R). (5)
On the other hand, if D denotes the Davenport constant of the ideal class group of K (see [4, § 9.1.3] for
terminology), then we have by [4, Theorem 9.15] that there exists a real constant C > 0 such that
An(x) :=
∑
n≤x
an ∼ C
x
log x
(log log x)D−1, as x→∞.
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It thus follows from [3, Theorem 7] that the abscissa of convergence of the Dirichlet series
∑
n≥1 an/n
s
is 1, which, together with (5), shows that ζK,A(s) =∞ for every real s < 1, which is much stronger than
Corollary 2. Note, however, that the ideas behind this stronger result lie deep in the analytic theory of
number fields and, to the best of the author’s knowledge, fall short of proving anything like Corollary 4.
References
[1] J. A. Clarkson, On the series of prime reciprocals, Proc. Amer. Math. Soc. 17:2 (1966), p. 541.
[2] A. Geroldinger and F. Halter-Koch, Non-Unique Factorizations. Algebraic, Combinatorial and Analytic Theory, Pure
Appl. Math. 278, Chapman & Hall/CRC, 2006.
[3] G. H. Hardy and M. Riesz, The General Theory of Dirichlet’s Series, Cambridge Univ. Press, 1915.
[4] W. Narkiewicz, Elementary and Analytic Theory of Algebraic Numbers, 3rd ed., Springer Monogr. Math., Springer,
2004.
[5] R. Y. Sharp, Steps in Commutative Algebra, 2nd ed., London Math. Soc. Stud. Texts 51, Cambridge Univ. Press, 2000.
College of Mathematics and Information Science, Hebei Normal University — Shijiazhuang 050024, China
E-mail address: salvo.tringali@gmail.com
URL: http://imsc.uni-graz.at/tringali
